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50. INTRODUCTION 
IN HIS survey article[20], Smale pointed out the importance of classifying Anosov flows on 
compact manifolds. We refer to [20] for the role played by Anosov flows in the general theory of 
differentiable dynamical systems. 
In this paper some progress is obtained by determining all Anosov flows which satisfy an 
additional symmetry condition (symmetric Anosov flows). The first known examples of Anosov 
flows were the geodesic flows on the unit tangent bundles of compact Riemannian manifolds of 
negative curvature and the suspensions of Anosov diff eomorphisms on infranilmanifolds defined 
by hyperbolic automorphisms. In [24] a new example was constructed on a compact 
7-dimensional manifold. This is generalized here to a new class of Anosov flows (symmetric 
Anosov flows of mixed type), and these are described in terms of invariants from the theory of 
algebraic groups. 
This raises the following question: Is a general Anosov flow on a compact manifold 
topologically conjugate to a symmetric Anosov flow? This generalizes the well-known question: 
Is an arbitrary Anosov ditfeomorphism on a compact manifold topologically conjugate to a 
hyperbolic infranilmanifold iffeomorphism? It has been proved that the answer to the latter 
question is positive if one of the invariant foliations associated with the diffeomorphism has 
codimension one (see Newhouse [ IS]). 
Section 1 contains some preliminary remarks on symmetric Anosov flows, and some of the 
results from [24] are summarized. In the second section the structure of the lifted flow to a 
covering manifold is studied. In the third section we study the embedding of the fundamental 
group of the manifold in the symmetry group G of the flow. For the class of flows studied here G 
is a Lie group which is neither solvable nor semisimple; it is shown that the structure of G implies 
that an arbitrary uniform discrete subgroup must be arithmetic. The symmetric Anosov flows of 
mixed type are then characterized by: (i) An algebraic group 3 defined over an algebraic number 
field F such that S = RF&S) (restriction of scalars from E to 0) is anisotropic over Q and has 
rank one over R. (ii) a rational representation p of S such that each irreducible subrepresentation 
of the restriction of p to the non-compact factor of the real points of S is faithful. 
The ergodic properties of symmetric Anosov flows can be studied by group theoretical 
methods as in [24]. 
I would like to thank Professor C. C. Moore, Professor M. S. Raghunathan, Professor I. 
Satake and Professor S. Smale for helpful conversations. 
Notations. Z, Q, R, C denote the integer, rational, real and complex numbers respectively. C* 
is the multiplicative group of non-zero complex numbers. 
Lie groups are denoted by Roman capital etters and their Lie algebras by the corresponding 
gothic letters. Z(G) and Z(8) denote the centers of the group G and the Lie algebra @ 
respectively. If Q is an element of (33, C(a) denotes the centralizer of Q and I(a) denotes the 
subspace of @ corresponding to eigenvalues on the imaginary axis in the primary decomposition 
of (3 under ada. If .fi is a subalgebra of @), C(9) denotes the centralizer of s-i in 8. G 3: H and 
8 0: @ denote semidirect products of the groups G and H, respectively the Lie algebras @ and 
6. h4 will always be a connected ifferentiable manifold. If G is a Lie group, G” is the identity 
component of G. A lattice in G is a discrete subgroup I of G such that I/G has a finite 
G-invariant measure. The lattice I is uniform if I/G is compact. 
91. SYMMETRIC ANOSOV FLOWS 
An Anosov flow on a complete Riemannian manifold M is a flow (+t} whose induced flow 
{I&} on the unit tangent bundle T(M) is hyperbolic, i.e. T(M) = E, $ Ez $ E, (continuous 
Whitney sum of invariant subbundles) where: (i) D&, is contracting on El, i.e. there exist positive 
179 
180 PER TOMTER 
numbers c and A such that 1104, (u)Ji s c exp (-ht)JI I( f u or u E Et, (ii) 04, is expanding on E2, i.e. 
there exist positive numbers F and d such that @$(t)(l3 d exp (@)((y (/ for u E El, (iii) E, is 
the one-dimensional vector bundle defined by the velocity vector. 
If M is compact, the Anosov condition is independant of the Riemannian metric. An Anosov 
flow is always structurally stable, i.e. a sufficiently small CL-perturbation {&If) of (40 is 
topologically conjugate to {I$,}. (The flows {&} and {+} are topologically conjugate if there is a 
homeomorphism of M sending orbits of {&} to orbits of {&}.) 
Let (M,{+}) be any flow. 
Definition. A Lie transformation group G on M is a symmetry group for (M, {tit}) if G 
centralizes {&} in Diff (M) and the isotropy groups are compact subgroups of G. 
PROPOSITION 1. Let (M, {4t}) be a flow and let G be a transitive symmetry group for (M, {&}) 
with isotropy subgroup K at a point x0. Let H be the one-parameter subgroup of Diff (M) 
corresponding to the flow {4t}. Then there is an element (Y in & such that the flow is given by: 
&(gK) = g(exp ta)K (under the natural identification of M with G/K). The element CY may be 
chosen in the centralizer of R in @. 
Proof. Since G and H commute, there is an induced action of G x H on M. We have the 
identifications M = G/K = G x H/L where L is the isotropy subgroup of G x H at x0, 
K = L fl G, and dim L = dim K + 1. On G x H/L the flow is given by the action of ‘H from the 
right: $,((g, &)L) = (g. 4,+,)L = (g, 4S)(e, #*)L, where e is the identity element of G. Let p be 
the projection from 8 + 6 to sj. Since 2 is not included in @, it is clear that p(l) = 6. Choose an 
element 1 = -a +/3 in 2 with (Y E @ and exp tp = (e, 4,). Then &((g, $,)L) = 
(g, &)(exp @)L = (g, &)(exp tcr)(exp tc)L = (g, &)(exp ta)L. Under the identification of M 
with G/K it then follows -that the flow is given by &+(gK) = g(exp ta)K. Furthermore, since 
exp t(~ = (exp @)(exp (-tL)) normalizes both L and G, it normalizes K”. The compact, connected 
Lie group K” is finitely covered by T x S where T is a torus and S is a compact, semisimple Lie 
group. Any one-parameter g oup of automorphisms must be trivial on T and be given by inner 
automorphisms on S. Let 9’ = & $ G be the corresponding decomposition of the Lie algebra R, 
then ada 1-Z = 0 and ada la = ads/S for an element s in Z. It follows that [a, s] = 0 and 
g(exp tcu)K = g exp (t(cu - s)) exp (ts)K = g exp (t(a - s))K, where (Y -s is now in the 
centralizer of R. 
Q.E.D. 
Let (M, {4,}) be any flow and let n;i + M be a normal covering with r as the group of deck 
transformations. Then r is a symmetry group for the lifted flow {&I> on fi 
Definition. The flow (M,{c$,]) is called symmetric if there exists a normal covering rii-, M 
such that the group of deck transformations can be extended to a transitive symmetry group for 
the lifted flow (a {$I~}). 
It follows that a symmetric flow on a compact, connected manifold is given by the following 
data: 
(1) A Lie group G with a finite number of connected components. 
(2) A compact subgroup K which intersects all the components of G. 
(3) A one-parameter subgroup exp ta in the normalizer of K. 
(4) A uniform lattice r in G which acts pseudofreely on G/K. 
This means that if one conjugate of an element in r lies in K, then all its conjugates are in K (i.e. a 
quotient of r acts freely on G/K). 
By (4) it follows that the double coset space T\G/K is a manifold. The flow is given on this 
manifold by: &(TgK) = rg(exp ta)K. Obviously, if I’ is torsion-free, itwill act freely on G/K. 
Let I(a) be the subalgebra of @5 corresponding to eigenvalues on the imaginary axis in the 
primary decomposition of @ under ada. From the proof of Proposition 1 it follows that 
9 + ~a c I(a). In the following theorem, a detailed proof of which can be found in (24), the 
Anosov case is characterized as precisely the case when this inclusion becomes an equality. 
THEOREM 1. Let M be a compact, connected manifold with a symmetricfIow (4,). Let G, K, r, 
cz be as above. Then {&} is an Anosou flow if and only if I(a) = 8 + Ra. 
Definition. The flow (M, {c#+}) is finitely covered by (a, {&}) if there exists a finite, normal, 
flow-equivariant covering map from fi to M. Two flows are commensurable if they admit a 
common finite covering. 
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It is easy to see that commensurability of flows is an equivalence relation. Any flow which is 
commensurable to a symmetric Anosov flow must also be a symmetric Anosov flow. We are 
interested in the classification of commensurability classes of symmetric Anosov flows; it is then 
possible to make several reductions. 
(Sl) It was assumed in [24] that a E C(Q). According to Proposition 1 we can make this 
assumption without loss of generality. An element p = (Y + k with k E Z(9) generates the same 
flow as a, and 1(p) = I(a). Any such element p is called a flow generator. We may then describe 
the flow by a residue class Ix in C(R)/Z(R) rather than by an element a, and define I(%) as I(a) 
where a can be any flow generator. 
(S2) We have: G/K = Go/K n G”, r fl G” has finite index in r, and there is a finite, 
flow-equivariant covering from r n G”\G”/(K il G“)O to T\GiK. Hence we may assume 
without loss of generality that G and K are connected. 
(S3) Two lattices in G are commensurable if their intersection is of finite index in both. 
Commensurability of lattices is an equivalence relation. 
Definition. A c-equivalence class in G is an equivalence class of commensurable lattices in G. 
It follows that lattices in the same c-equivalence class which act pseudofreely on G/K define 
commensurable flows. Hence we may characterize acommensurability class of symmetric flows 
on compact manifolds by a system (G, K, ‘3, A) where A is a c-equivalence class of uniform 
lattices in G which contains a lattice which acts pseudofreely on G/K. 
(S4) The unstable ideal of the element (Y in @ is the ideal generated by the subspace of @ 
corresponding to eigenvalues of ada outside the imaginary axis (Auslander_Green[3]). Since 9 
is compactly embedded in ($5, it follows that the unstable ideal is well-defined for the residue class 
!?I in C($?)/Z($?). Let (Y be a flow generator, and define B?, = U + Ra where II is the unstable ideal 
of 8. Let V, be the connected Lie subgroup of G corresponding to ‘a,, then it will follow from 
the Anosov condition: I(a) =‘Ra + 9 that V, is a transitive Lie transformation group on G/K. 
From examples in 03 it follows that r n V, is not generally a lattice in V,. 
&fir&ion. A connected Lie subgroup H of G is compatible with (G, K, (II, A) if: 
(i) V, c H for a flow generator a in %. 
(ii) r fl H is a uniform lattice in H for a lattice r in A. 
Definition. The c-equivalence class A is irreducible in (G, K, ‘21, A) if G contains no proper, 
connected Lie subgroup which is compatible with (G, K, 2l, A). 
(SS) Definition. Let G be a connected Lie group and K a connected compact subgroup of G. 
Let (11 E C@)/Z(Q) and let A be a c-equivalence class of uniform lattices in G. The system 
(G, K, ‘3, A) is reduced if A is irreducible and R does not contain any non-trivial ideal of @. It is a 
reduced SA-system if the Anosov condition that I(%) is a proper subalgebra of 8 in which R has 
codimension one is also satisfied. 
PROPOSITION 2. Any commensurability class of symmetric Anosov flows on compact manifolds 
can be represented by a reduced SA-system (G, K, ‘11, A). The cenrer of G is discrete for such a 
system. 
Proof. From (Sl)-(S3) it follows that a commensurability class of symmetric Anosov flows on 
compact manifolds can be represented by a system (G, K, !?I, A) where G and K are connected, 
% f C(fi)iZ(,Q), and A is a c-equivalence class of uniform lattices in G which contains a lattice 
which acts pseudofreely on G/K. If A is not irreducible, let H be a compatible, connected Lie 
subgroup of G, let a E % be such that U+Ra E @ and let r be a lattice in A which acts 
pseudofreely on G/K. 
Let [a] be the residue class of (Y in Q/Z@ n sj) and AH the c-equivalence class of r n H in H. 
Since V, C H, H acts transitively on G/K, and the system (H, H n K, [(u], A,) represents the 
same commensurability class as (G, K, ‘3, A), i.e. we may assume that A is irreducible. 
Suppose there is a non-trivial ideal of @ contained in 8. Then K contains a connected, closed 
subgroup L of positive dimension which is normal in G. Let r be a lattice in G which acts 
pseudofreely on G/K. The projection p from G to GIL induces a flow-equivariant 
diffeomorphism from T\GiK to p(T)\(GiL)/(KIL). Let dp be the projection from (8 to @J/L! and 
let A= be the c-equivalence class defined by p(T) in G/L. Then (GIL, K/K n Ii., dp(‘u), AL) 
represents the same commensurability class of flows as (G, K, 8, A). It follows easily that any 
commensurability class of symmetric Anosov flows on compact manifolds may be represented 
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by a reduced SA-system. Since @i $ I(%) = 9 + l&y, it follows that Z(8) c 9, hence Z@) = (0) 
and Z(G) is discrete. 
Q.E.D. 
(S6) Let (G, K, 2X. A) be a reduced SA-system. Then the triple (a, ,$?,%!I) satisfies: 
(SAl) $9 is a compactly embedded proper subalgebra of the Lie algebra 8. 
(SA2) ?l E C(.G)/Z(@ and I(%) = 9 + 8. 
(SA3) No non-trivial ideal in @ is contained in .9. 
Definition. A triple (a, R, 8) which satisfies (SAl)-(SA3) is called a SA-triple. 
Let (@, 8, ?I) be a SA-triple and let d be the adjoint group of @. Let p,: G, + G and 
pz: G2* d be the projections from two covering roups of G. Let r, and r2 be uniform lattices in 
G1 and Gz respectively. 
Definition. rl and Tr are @-equivalent if p,(r,) and p2(Tz) are c-equivalent in G. A 
@-equivalence class A of uniform lattices is irreducible if the corresponding c-equivalence class 
is irreducible in G. 
Definition. A SA-class is a system (a, ,S?, %, A) where 
(i) (a, 9, ?I) is a SA-triple 
(ii) A is an irreducible @-equivalence class of uniform lattices. 
In the remainder of this paper we study the classification of SA-classes. In particular it is 
shown in 03 that for any SA-class (@, R, a, A) there exists a corresponding reduced SA-system 
(G, K, ‘II, A) and a torsion-free lattice in A. It is an easy consequence of the above definitions that 
reduced SA-systems which determine the same SA-class define the same commensurability class 
of symmetric Anosov flows. Hence any commensurability class of symmetric Anosov flows on 
compact manifolds may be represented by a SA-class. Conversely any SA-class determines a
commensurability class of symmetric Anosov flows on compact manifolds. 
We can now formulate some of the results concerning the classical types of symmetric 
Anosov flows from [24] in a more precise way. 
A hyperbolic automorphism of a compact nilmanifold is given as follows: N is a simply 
connected, nilpotent Lie group, D is a uniform lattice in N, and d is an automorphism of N such 
that qS(D) = D and the derivative of 4 at the identity element has no eigenvalues on the unit 
circle. Then 4 induces a hyperbolic automorphism 6 on D\N. For more details and the 
infranilmanifold case, see [24]. 
The next two theorems are proved in [24]. 
THEOREM 2. Let (8, R, 8, A) be a SA-class where @ is solvable. Then the commensurability 
class of the corresponding Anosov flow contains the suspension of an Anosov diffeomorphism 
given by a hyperbolic automorphism on a compact nilmanifold. 
THEOREM 3. Let (8, 9, ?l, A) be a SA-class where 8 is semisimple. Then the commensurability 
class of the corresponding Anosov flow contains the geodesic flow on the unit tangent bundle of a 
compact Clifford-Klein form of a symmetric space of negative curvature. . 
The symmetric spaces of negative curvature are real, complex, and quaternionic hyperbolic 
space and the Cayley hyperbolic plane. G is then SO(n, l)O, SU(n, l), Sp(n, 1) or the real form of 
F, with split rank one respectively. A. Bore1 has demonstrated the existence of compact 
Clifford-Klein forms [6]. We recall from [24] that the flow generator a may be chosen such that it 
generates the vector part of an Iwasawa decomposition for @l. 
We will need the following generalization of Theorem 2 and Theorem 3. 
PROPOSITION 3. Let @,R, 8, .A) be a SA-class. Then 
(a) If the unstable ideal is solvable, the conclusion of Theorem 2 holds. 
(b) If the unstable ideal is semisimple, the conclusion of Theorem 3 holds. 
This is easily verified. For example, let the unstable ideal ll be semisimple, (Y a flow-generator 
in 8 and % the radical of @. We have: Yl n U = (0), hence CR C C(a) = R +Ra. If a + k E 8 
with k E .Q, then ad(cr + k) maps 11 into !ll f~ U = (0). Since a and k commute, this contradicts 
the fact that 9 is compactly embedded in a). Hence R C R, and since the SA-system is reduced, it 
follows that the radical is trivial. Q.E.D. 
Definition. A SA-triple (a, ,q. %) is of mixed type if the unstable ideal of 2l in @ is neither 
solvable nor semisimple. 
A reduced SA-system or a SA-class is of mixed type if the corresponding SA-triple is of 
mixed type. 
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82. THE COVERING FLOWS OF MIXED TYPE 
In this section we study the structure of SA-triples. The cases when the unstable ideal is either 
solvable or semisimple are known by Theorem 2, Theorem 3 and Proposition 3. 
THEOREM 4. Let (@,9,8) be a SA-triple of mixed type. Then : 
(a) & has a decomposition @ = (r $ g, $ .Q, $ . . - $ *St,,) x !I? where 9? is the nilradical of 
8, 0 is an Abelian ideal in 8, IS, is isomorphic to the Lie algebra S:C(n, 1) of a hyperbolic 
group, and 5?,, . . . , Rp are compact, simple Lie algebras. 
(b) There is a$ow generator Q in ‘11 which generates the vector part of a Cartan subalgebra of 
6. 
(c) fi=X@$a,$. * ’ $3, where 9, is the centralizer of cy in the compact part of a Cartan 
decomposition of 6. 
(d) The nilradical !JI is Abelian. 
(e) The above decomposition of @ determines a representation of 6, on 8. None of the 
highest weights of the irreducible subrepresentations of this belongs to the restricted root lattice of 
6,. 
Remark. It follows that the unstable ideal II is s;, m 8. Let G be a connected Lie group with 
Lie algebra @, K the connected subgroup of G with Lie algebra 9, and U the connected 
subgroup of G with Lie algebra II. Let [a] be the residue class of 1y in lUZ(&). Then the induced 
Anosov flow on G/K can also be described by the triple (U, U f~ K, [(Y]). Theorem 4 will then 
finish the description of all Anosov flows on (non-compact) Riemannian manifolds with a 
transitive symmetry group of isometries. An arbitrary symmetric Anosov flow on a compact 
manifold is covered by a flow of this type. 
The theorem will be proved in several steps. Assume that (a, 9, VI) satisfies the conditions of 
Theorem 4 and define 9? and % to be the radical and nilradical of 8 respectively. Let Z = !R n % 
and let @ be the VI-invariant complement of I(%) in 65. 
PROPOSITION 4. A Levi subalgebra 6 of @ decomposes as 6 $8, $ - * - $ R, where g1 is a 
simple Lie algebra of real rank one and R, is a compact, simple Lie algebra for i = 1,. . . , p. 
Proof. Let (Y be a flow generator in Yl. Since the unstable ideal is not solvable, it follows easily 
that a 65 R Let p be the projection from @ to a/%. Then (p(B), p(R), p(a)) satisfy SAl and 
SA2 of 81 with p(a) semisimple. The proposition then follows from the semisimple case in [24]. 
PROPOSITION 5. 5 is an Abetian subalgebra of (3 and $I = Z 0~ ‘2. 
Proof .Since any flow generator in 8 has a non-zero projection in WR, it follows that 
8? n I(VI)=% n R=& and 9?=% n @+%&. By SA3 it follows that 9I n &#(O), and since 
8 n 65 C [@, $I] we have % n (5 C 9. The adjoint action of 8 on @ is nilpotent, from SAl and 
SA3 it follows that 8 n R C Z(g) = (0). Hence !JI n 2 = (0) and 9? = 9 3: 8. Since 3 is a 
solvable ideal in 9, it follows from SAl that S is Abelian. 
Q.E.D. 
Let p be a representation of a real, semisimple Lie algebra. Choose a Cartan subalgebra 
whose vector part B has maximal dimension. The restrictions of the weights of p to !.B is called 
the restricted weight system of p. If p is the adjoint representation, this is called the restricted 
root system. 
PROPOSITION 6. The Levi decomposition @ = (Z, $9, $ . . * $ Gi,) x (Z a ??I defines a 
representation of S, on 8 which has no zero restricted weight. 
Proof. Let q be the projection from @ onto the semisimple factor 6 $ R, $ . . . $ S,. By 
Theorem 3 and Proposition 4 we may choose a flow generator LY in ‘u such that p = 4((u) 
generates the vector part of a Cartan subalgebra of Gil; i.e. (Y = n + t + p with n E % and t E & 
Then p = n + F is also a flow generator in 8. Let Y? = Y?(O) > ‘8”’ 3 * * * > YI’*‘= (0) be the 
descending central series of 9. Then adp and adp induce the same linear maps on 9?(i)/!R(i+‘), 
i=O,l,... , k - 1. Since Y? C (5, it follows that ad F restricted to Y? has no zero eigenvalues. 
These eigenvalues of ad p determine the restricted weight system of the &-module 9 and the 
proposition follows. 
PROPOSITION 7. Let the Levi decomposirion of @ be as above. Then the restricted root system of 
2, is reduced. 
Proof Assume that it was non-reduced; i.e. of the form {+@/2, ?@}. Let p be as in the proof 
of the previous proposition. By the Jacobson-Morosow theorem there exist subalgebras fm, and 
!IJ& of type W2,W) with Cartan subalgebra Wp and root systems @, = {?@/2}, Qz = {t@} 
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respectively. The lattice [@*I spanned by % is of index two in the lattice [Co,] spanned by a,. In 
9.G the root lattice has index two in the weight lattice, hence [@,I is the weight lattice for 9J& and it 
follows that the weight lattice of G, restricts to the root lattice of ‘$&. Consequently any 
irreducible representation of ‘% appearing in a representation of D, would have a zero weight. 
This would be a contradiction to Proposition 6. 
Q.E.D. 
We refer to Warnerl25, p. 301 for a convenient list of the real forms of the simple Lie algebras 
and their fundamental systems of restricted roots. From this list and from special isomorphisms 
in low dimensions it follows that any simple, real rank one Lie algebra with reduced restricted 
root system is isomorphic to Gg(n, 1) for some n > 1. 
PROPOSITION 8. Let the Levi decomposition of & be as above. Then each simple submodule of 
the G-module 8 defines a representation of EJ, which can be lifted to a faithful representation of 
the spin group with Lie algebra 5. 
Proof. Assume first that s, is of type B,, i.e. 3, = 6c(21, 1). Let the fundamental roots 
crl, a2,. . . , aI be numbered as in Bourbaki[ll, p. 2521. Consider the diagram for this real form 
(BID of B, in Warner[25, p. 301. The black roots vanish on the vector part Rp of a Cartan 
subalgebra; hence Rp = n i:: ker ai and the restriction of a, to Rp generates the restricted root 
lattice. From the tables in Bourbaki[ll] it then follows that the restricted weight lattice is 
generated by the restriction of the Ith fundamental highest weight o1 = 1/2(a, + 2a2 + . . . + la,). 
Apply the Jacobson-Morosow theorem to find a subalgebra of type &5?(2, R) whose root system 
coincides with the restricted root system of 5. It follows that an irreducible representation f 6 
has a zero restricted weight if and only if its highest restricted weight belongs to the restricted 
root lattice. Hence the highest weights of the simple submodules of the %,-module R must be of 
the form A = 2.f:: ciai with cl a half-integer. The center of Spin(21,l) coincides with the center of 
the corresponding complex group Spin(21 + 1, C) and is isomorphic to Zz. Since the highest 
weight A is not in the root lattice, the corresponding representation of Spin(ZI, I) cannot project 
to the adjoint group: i.e. it is faithful. 
Similarly, if 8, is of type D,, i.e. 5, = X(21 - 1,1) with I > 2, the restricted root lattice is of 
index two in the restricted weight lattice. We can apply the Jacobson-Morosow theorem as above 
and conclude that the highest weights are again of the type A = CfI!c,ai with c1 a half-integer. 
The relations between the centers of the groups Spin(2I - 1, 1) and Spin(21, C) are described in 
the tables in Tits[Zl]. (There are two cases depending on whether / is even or odd). An easy 
computation shows that the lifted representations to Spin(21 - 1. 1) are faithful. If 2, = 
%0(3, 1) = U?(2,C), we have Spin(3, 1) = 82(2,C) whose center is isomorphic to Z2. The 
conclusion of the proposition is obvious in this case. 
PROP~S~ON 9. The nilradical Yl is Abelian. 
Proof. Consider the ascending central series for %: (0) C Z(n) = %, C !X2 C . . * C ‘Rk = R 
The R’s are characteristic deals, so the filtration is preserved under the action of ‘6. Since G, is 
semisimple, Y?, has a g:,-invariant complement ‘Y?’ in $1:. 2, acts on !17’ by derivations, and the Lie 
algebra structure of ‘Rn2 is then defined by an &-invariant element @ of Hom(A2(5Y?)), 8,). Let e1 
and e2 be elements of j%’ with adp(e,) = A ,e, and adp(el) = A2ez; here p generates the vector 
part of a Cartan subalgebra as before. Then adp(@(e, A et)) = @(adp(e,) A ez) + 
@(e, A adp(e2)) = (A, + A#(e, A e2). If cP(e, A e2) # 0, this would imply that the eigenvalue 
A, +A* defines a restricted weights which belongs to the restricted root lattice of 5,. Any 
restricted weight of an irreducible S,-representation is obtained by subtracting restricted roots 
from the highest restricted weight, hence this would be a contradiction to the results obtained in 
the proof of Proposition 8. Then the ascending central series must have only one non-zero term, 
and the nilradical Y? is Abelian. 
Q.E.D. 
Proof of Theorem 4. It remains to prove that the element a in ‘2I and the Levi complement B 
of % may be chosen such that a generates the vector part of a Cartan subalgebra of G5. Let 
@ = (6, $ &, $ * . . $ a,) r (2 CC ‘R) be any Levi decomposition and a = p + n where 
a E ?I, n E 91 and p generates the vector part of a Cartan subalgebra of 5,. Since adp defines 
an isomorphism on Y?, there is an element v in ‘I? such that adp(v) = -n. By Proposition 9 it 
follows that exp (adv) = I +adv, where I is the identity operator on 3. The special 
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automorphism exp (adv) maps s1 $9 I $ . . . $ .f?, onto another Levi complement 
~,$.~,$...$~~,,andexp(ada)(lr)=~~+[~,~~l=~~+n=(~ mustgeneratethevectorpart 
of a Cartan subalgebra of z., . We then have a Levi decomposition @ = 
(S, $8, $. . . $ a,) m (5 x $3) as required. Since the restriction of ada to 3 is zero, it is 
clear that % is the GJ-invariant complement of % in 8. Since Ra + S? contains a Cat-tan 
subalgebra of E, which acts trivially on 5, it follows that [8,,2] = (0) and @ = 
(%@$,$$t,$~~~$$&) 01 !R. Since a E G, it follows from 1241 (the semisimple case) that 
e0 = 9 II 8, is the centralizer of CY in the compact part of a Cartan decomposition of &. This 
concludes the proof of Theorem 4. 
53. THE EMBEDDING OF THE FUNDAMENTAL GROUP 
In this section we study the structure of SA-classes of mixed type. An example in 1241 shows 
that such SA-classes exist. 
THEOREM 5. Ler (@,$, ‘%, A) be a SA-class of mixed type. Then there exists a reduced 
SA-system of mixed type (G, K, ?I, A) whose SA-class is (8,.Q, R, A), an algebraic group S 
defined over Q and a rational representation p of S over a vector space V such that: 
(Al) S is simply connected and almost Q:simple (i.e. S has no proper, infinite, normal 
subgroup defined over ~2). 
(A2) S is anisotropic over 0 and has rank one over R. 
(A3) Each R-irreducible subrepresentation of the restriction of p to the non -compact factor of 
SR” has a highest restricted weight which is not in the restricted root lattice. 
(A4) G is the identity component of the real points of the algebraic Q-group S 3: V, where the 
semidirect product is defined by the representation p of S on V. 
Conversely, let S be an algebraic Q-group and p a rational representation of S such that 
(Al)-(A3) are satisfied. If we define G as in (A4), this determines a commensurability class of 
symmetric Anosov flows on compact manifolds. 
We need several partial results in order to prove Theorem 5. The next proposition is an easy 
consequence of Theorem 4. 
PROPOSITION 10. Let (@,$?,I!& A) be a SA-class of mixed type. Then there is a reduced 
SA-system (G, K, %, A) with SA-class (@, S, ‘11, A) such that G = (T x S1 x K, x - . * x K,,) a IV. 
Here the nilradical N of G is a vector group, T is a torus, S, is isomorphic to the spin group of a 
quadratic form of index one, and K,, . . . , K, are simply connected, compact, almost simple Lie 
groups. 
From now on we assume that (G, K, ?I, A) is a reduced SA-system as in Proposition 10. 
PROPOSITION 11. Let T be a uniform lattice in G. Then TN = T n N is a uniform lattice in N. 
This proposition follows from Auslander’s extension of a theorem of Zassenhaus 
(Auslander[S]). The key step is to show that the identity component of P . (T = N) is solvable. 
By an application of Borel’s density theorem (Bore1 [8]) it follows that the identity component of 
T.(T cz N).(K,x**+xK,) is (TxK,x..-xK,) m N, and hence that 
P. ((T X K1 X. * * X Kp) a N) is closed. It can then be proved that I intersects (T x K, x * . . x 
K,) a N in a uniform lattice, and the proposition follows by an application of Auslander’s 
Bieberbach theorem (Auslander [4]). (Auslander works with simply connected Lie groups, but the 
problem is easily reduced to that case by passing to the universal covering group of G.) 
Let H= TxS,xK,x... x K, and let q be the projection from G = H a N onto H. 
Another consequence of the above argument is that r, = q(T) is a uniform lattice in H. The 
decomposition G = H a N defines a linear representation r of H on the vector space N. 
PROPOSITION 12. The representation n is almost faithful. 
Proof. The Lie algebra 2 of ker 71 is an ideal in @ which is included in ,@ = 
2$&$R,$...$&A ssumethats+k E Qwiths E 6,k E S$&?,$...$W,.Let 
s’ be an element of 6 such that [s, s’l # 0. Then 0 f [s + k, s’] E 2 f~ 6, but this contradicts 
the results from 82, where it was proved that the representation of G, on Y? induced from r is 
faithful. Hence s must be zero, and 2 C 5 $ S, $ - . . $9, C S?, and it follows from 01, SA3 
that L! = (0). Since ker r is a discrete, normal subgroup of H, it . is in Z(H) = 
TxZ(Sl)xZ(K,)x... x Z(K,). hence it must be finite. 
COROLLARY. The center of G is finite. 
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From now on we assume that the lattice r is in A. The lattice rN = r n N defines a 
O-structure on N and on the general, linear group GL(N). 
PROPOSITION 13.w(H) is the identity component of the real points of an algebraic group defined 
over 0, and T(T,) is an arithmetic subgroup of n(H). 
Proof Let (h, n) E r with n E N, h E H and let (e, v) E lYN. Then (h, n)-‘(e, u)(h, n) = 
(h-l, r(h)-‘(-n))(e, u)(h, n) = (e, a(h)-‘(u)), hence (e, r(h)-‘(v)) E rN. It follows that the 
elements in n(r,) are represented by integral matrices relative to a basis for N which spans the 
lattice rN. Let V = N @ RC. The Zariski closure D of n(r,) in GL( V) is an algebraic group 
defined over (9. Let B be the Z&ski closure of w(H) in GL( V), then B is an algebraic group 
defined over R such that n(H) C BRO C GL(N). It is well known that the connected, complex 
Lie subgroup of GL( V) whose Lie algebra is the complexification of the Lie algebra of r(H) is 
algebraic (HI[H, HI = T is compact so H is a “Tannaka” group; see Hochschild and Mostow [121 
for a reference). Hence this group must be equal to B, and D,” C BRo = T(H). It follows from 
Theorem 7.1 in Mostow[l41 that &“ 1 a(S). Then q-‘(p-‘(DR”)) 3 S, U r, and it follows 
that q-‘(~-‘(DR”)“) is compatible with (G, K, k?f, A). Since this is a reduced SA-system, it follows 
that q-l(r-l(W)o) = G, i.e. L&O = a(H). 
Q.E.D. 
PROPOX~ON 14. H is the identity component of the real points of an almost O-simple, simply 
connected algebraic group. 
Proof. We first prove that the torus T is trivial. Since n(H) is a reductive algebraic a-group, it 
is the almost direct product of its connected center and its semisimple part, both defined over 0. 
From standard properties of arithmetic subgroups (Borel[71) and the compactness of p(T) it 
follows that n(r,) is commensurable with p(r,) n T(S, x K, x.. . x K,). Hence r, rl 
(S, x K, x . *. x K,) is a uniform lattice in S, x K, x + e e x K,,. Since 
q(T n ((S, x K, x.. . x K,) 0: N) = q(r) n (S, x KI x . . . x K,), the projection q defines a 
fibration from r n ((SlxKlx---xKp) a N)\(SlxKlxa.~xKp) a N to r, n 
(S,x K,x.* . x K,)\S, x K, x. a. x K, with fibre rN\N. By compactness of base space and 
fibre it follows that r rl ((S, x KI x - . . x K,) 3: N)) is uniform in (S, x Kt x * * * x K,) a N. 
Hence (S1 x K, x * * * x K,) a N is compatible with the reduced SA-system (G, K, 2X, A), so 
G =(S,x K,x . ..x K,) a N and T is trivial. 
Let D be the Zariski closure of Q,) in GL( V) as before, then the simply connected covering 
group S of D has a 0structure such that SR” can be identified with H = S, x KI x . * * x KP S is 
the direct product of simply connected, almost (S-simple groups, i.e. S = S’ X S* X * . . X S’ 
where S, C (S,,‘)” for one index i, and SR’ is compact for j# i. The arithmetic subgroup r, must 
then be commensurable with r, n (S,‘)“. By the same argument as in the first part of the proof it 
follows that r n ((&I)“ a N) is a uniform lattice in (!&.‘)O a N; hence (SRi)O a N is 
compatible with (G, K, ‘$!I, A) and r = 1. 
Q.E.D. 
The proof of (Al)-(A4) of Theorem 5 is now complete. Conversely, let S be an algebraic 
group defined over 0 and p a rational representation of S over a vector space V such that 
(Al)-(A3) are satisfied. Let G = (S a V),” where the semidirect product is defined by the 
representation p.Let R’ + !J.? be a Cartan decomposition of S, and let cx be a non-zero element of 
!J?. Let si‘ be the centralizer of a in F, let 2X be the residue class of (Y in C(a)/Z(@ and let K be 
the connected Lie subgroup of G with Lie algebra 5?. Choose a rational basis for V and let TV be 
the lattice generated by this basis. Let r: be the arithmetic subgroup of S whose image under the 
representation p consists of operators with integral matrices with respect o this basis. Then 
I” = r: a r, is an arithmetic subgroup of G. Let A be the c-equivalence class of r’ in G. Then 
(G, K, ‘u, A) is a reduced SA-system of mixed type. It follows from a result of A. Selberg that rl 
has a torsion-free subgroup r, of finite index (Selberg [ 191). Then r = r, a Tv is in A, hence the 
system (G, K, ‘11, A) determines a commensurability class of symmetric Anosov flows on compact 
manifolds. 
It follows from standard conjugacy theorems in semisimple Lie algebras that BQa is unique up 
to conjugation by an element h of S,“. Let 6 = Ad h(o). Then C(5) = Ad h(C(o)) = RLY + & 
with 8= Ad h(9). Let K = hKh_‘. Then a and (Y define flows on T\GIK and T\G/K 
respectively, and right translation by h-’ induces a flow-equivariant diffeomorphism from r\GIK 
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to T\G/I?. It follows that the above commensurability class of flows is uniquely defined up to a 
change in the velocity by a constant factor. 
Q.E.D. 
Remark 1. It follows from Proposition 14 that S = RF&S), (restriction of scalars from F to 
0) where S is an absolutely almost simple algebraic group defined over an algebraic number field 
F (see Tits [23]). Let @ be the set of distinct isomorphisms of F into C and Y a subset of @ which 
contains exactly one representative of each pair consisting of an isomorphism (T and its complex 
conjugate 5. Then S, = II SOL_ where Lo is the completion of F” with respect o the absolute 
nE\Y 
value in C. (See Bore1 and Harish-Chandra[9,12.1]). Since the arithmetic subgroup F, is uniform, 
the @rank of RF,,,(S) is zero. Bore1 has shown that for any non-compact, simple Lie group G’ it 
is possible to construct a F-structure (F an algebraic number field) such that RF&G’) has Q-rank 
zero (Bore1[6]). In general, if there is at least one compact factor (G’)“,. the o-rank of RF&G’) is 
automatically zero (Bore1 and Harish-Chandra[9]). Another example is given by the spin group of 
a non-degenerate quadratic form defined over Q9. This has Q-rank zero if and only if the quadratic 
form does not represent zero over Q. The example in [24] was of this type. 
Since S,” = lI (?)L it follows that S, = (S”)L,- Spin (n, 1) for one u in Y and (3% is 
oEP 
compact for all others, hence Lo = C for at most one (T in tIr. There are two cases: 
(a) F is a totally real number field. In the decomposition 6 = :Z, $9, $ . . * $ R, the simple 
factors %, g,, . . . , 9, are real forms of the Lie algebra of the complex spin group of a quadratic 
form. 
Example. 3 is the spin group of the quadratic form xl2 + x2’ - d/(3)x3*. Let D be the non-trivial 
Galois automorphism of 43[~‘3] over Q, then So is the spin group of the quadratic form 
x1* + x2* + d(3)x3*, and H = Spin (2,l) x Spin 3. 
(b) F is not totally real. Then Lo = C for precisely one u in *, and the corresponding factor Se” 
has real rank one (considered as a real Lie group). This is possible only if Gino = U?(2, C) = 
W(3, 1). 
Example. Let S be the spin group of the quadratic form x1* + x2* + $‘(5)x,‘. The non-trivial 
isomorphisms of O[$Y5] into C are given by a(i/S) = $5 exp (2ri/3) and 6($5> = 
$5 exp (4ai/3). Here Se” = Spin (3, C) = SL(2, C) = Spin (3,1), and iY = Spin (3,l) x Spin 3, so in 
this case the compact factor is not a real form of the non-compact factor. 
In general, it follows from 02 that % = Gc(n, l), n > 1. The case (a) corresponds to the case 
when the complexitication of Gil is simple. This is always true except for n = 3. 
(O(4, C) = Gs(2, C) $ W(2, C)). Thus (a) and (b) correspond to n # 3 and n = 3 respectively. 
Remark 2. The representation 7~ of H = SRO = St x K, X . . * X K, is the restriction to H of a 
representation of S defined over (9 such that each irreducible subrepresentation of the 
restriction to S, has a highest restricted weight which does not belong to the restricted root lattice 
of S,. Any representation of S defined over 49 is the direct sum of QS-irreducible representations. 
A C&reducible representation T of S on V can be characterized by a highest weight A and a 
certain invariant in Gaiois cohomology, y(Fh, S) (which is related to the Minkowksi-Hasse 
invariant if S is the spin group of a quadratic form): Since the character module of S is finitely 
generated, there is a finite Galois extension E of Q such that S splits over E. There is a standard 
action of the Galois group a= Gal (E/Q) on the weight space of S (Borel-Tits[lO]). Let h be the 
highest weight of an absolutely simple submodule U of V, let fl, be the isotropy subgroup of R at 
A and let F, be the fixed field of R,. Then -y(F,, S) is an element of H’(F,, Z(S)) and the image of 
y(Fh, S) under the induced homomorphism T* from H*(F*, Z(S)) to H’(F,,C*) is the 
Brauer-Hasse invariant of a central division algebra D over Fh. Let U’ be the F*-simple 
submodule of the S-module V which is generated by U. The representation of S on U’ is then 
equivalent to a representation of S on a vector space over D which is determined by the highest 
weight A and the invariant -y(& S). Finally V = Rhla( U’). For more details see Satake [18] or 
Tits [22]. 
Definition. A standard SA-system is a reduced SA-system (G, K, 8, A) of mixed type such that 
G = (S1 x K, x s 1. x K,) 0~ N where the nilradical N is a vector group, S1 = Spin (n, l), and 
K,, . . . , K, are compact, simply connected, almost simple Lie groups. 
In Theorem 5 it has been proved that any SA-class of mixed type can be represented by a 
standard SA-system. In order to show that the construction in the last part of the proof of 
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Theorem 5 is general enough to describe all commensurability classes of symmetric Anosov flows 
of mixed type, it remains to prove that if (G, K, (II, A) is a standard SA-system and r is a lattice in 
A, the rational structure on G (Theorem 5) can be chosen such that r is arithmetic in G. (The 
rational structure on G depended on the choice of a Levi compiement of N in G.) This is shown 
for an arbitrary uniform lattice r in the following theorem. 
THEOREM 6. Let (G, K, 3, A) be a standard SA-system and let r be a uniform lattice in G. Then 
there exists an algebraic group S defined over (9 and a representation p of S, also defined over 0, 
such that: 
(i) (Al)-(A4) of Theorem 5 are satisfied; 
(ii) r is an arithmetic subgroup of G. 
Proof. Choose a Levi subgroup H = S1 X K, x * * * x K, as before, i.e. G = H cc N, and let 
rNt 4, r,, p be as in the remarks preceding Propositon 12. Let {cl,. . . , c,) be a basis for N 
which generates the lattice rN and let No = r,@&?. Let r: be a torsion-free subgroup of finite 
index in I’,, then r II q-‘(R) is a torsion-free group which is commensurable to r; hence we may 
as well assume that r is torsion-free. 
We havetheextensions: (a)(0)+No+r.Na+r,+(e)and(b)(O)+N+r.N+I’,+(e). 
Then (a) determines a cohomology class K in H2(T,, No). Since (b) obviously is a split exact 
sequence, the image of K under the natural homomorphism from H2(r,, No) to H2(I’,, N) is zero; 
hence K = 0 and the exact sequence (a) splits. It is well known that r, must be finitely generated. 
Let (7,. . . . , p,} be a set of generators and let u be a splitting homorphism for (a). Then 
~(7,) = (e, nr)(ri, 7,) with ni E N0 and (yi, vi_) E r for i = 1,2,. , . , b. Let w be the least 
common multiple of the denominators of all the coordinates of the nr ‘s, i = 1,2, . . . , b relative to 
the basis {cl,. . . , c.}. Let rA be the lattice generated by the basis {w-‘cl,. . . , welc,}. Then rt: is 
I’,-invariant, r’ = r . TA is commensurable to r, and the homomorphism u takes values in r’. Let 
8, = 9’ + 8 be a Cartan decomposition as before, i.e. 8’ is the compact part and there is a flow 
generator OL in 8. Let C be the maximal compact subgroup of H corresponding to 
9’ $9, $ . . . $ t&,. Let X be the locally symmetric spade r, \HIC. The covering H/C + X and 
the restriction of the representation II to r, defines as associated vector bundle E over X. By 
applying de Rham-Hodge theory for locally constant sheaves the cohomology groups of X with 
values in the sheaf of germs of locally constant sections of E has been computed for many cases. 
It is well known that these cohomology groups coincide with the cohomology groups of r, with 
values in the r,-module N (see Matsushima and Murakami[ 131 and Raghunathan [ 171). 
Raghunathan has shown that if rl\HIIC, is a locally symmetric space in general (HI a 
non-compact, semisimple Lie group, C, a maximal compact subgroup of H,, r, a torsion-free 
uniform lattice in H,), then the first cohomology group vanishes for any representation of r, 
which is the restriction of a representation of HI if H, has no factor which is locally isomorphic 
to SO(n, 1)” or SU(n, l), and also for certain representations if HI does have such factors 
(Raghunathan [ 161). In our case the non-compact factor S, of H is locally isomorphic to SO(n, l)“, 
but it follows from 92 that the highest weight of each irreducible subrepresentation f the 
restriction of 7 to S, is not a multiple of the highest weight A of the canonical representation T of 
S1, since A is in the root lattice. (T is obtained by viewing S, = SO(n, 1)” as a subgroup of 
GL(n + 1, R)). But this is the condition which is needed to apply Theorem 1 of Raghunathan[16] 
to conclude that H’(T,, N) = (0). 
Let u(y) = (7, h(y)) with h(y) E N for y E r,. Then h is a one-cocycle of r, with values in 
N; hence it is cohomologous to zero, i.e. there exists an element n in N such that 
h(y) = a(y)(n)- n for y E r,. Conjugation by (e, n) defines a new Levi subgroup 
H’ = {(e, -n)(s, O)(e, n); s E H} = {(s, r(s)(n) - n); s E H} 3 u(I’,). Now consider the Levi 
decomposition G = H’ a N and proceed as in Proposition 12-14 to define a rational algebraic 
group such that the identity component of its real points coincides with G. Then r’ is obviously an 
arithmetic subgroup, and so is r which is of finite index in r’. 
Q.E.D. 
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